Abstract. In the numerical solution of partial differential equations using a method-of-lines approach, the availability of high order spatial discretization schemes motivates the development of sophisticated high order time integration methods. For multiphysics problems with both stiff and non-stiff terms implicit-explicit (IMEX) time stepping methods attempt to combine the lower cost advantage of explicit schemes with the favorable stability properties of implicit schemes. Existing high order IMEX Runge Kutta or linear multistep methods, however, suffer from accuracy or stability reduction.
1. Introduction. Many problems in science and engineering are modeled by time-dependent systems of equations involving both stiff and nonstiff terms. Examples include advection-diffusion-reaction equations, fluid-structure interactions, and Navier-Stokes equations, and arise in application areas such as mechanical and chemical engineering, astrophysics, meteorology and oceanography, and environmental science.
A method-of-lines approach is frequently employed to separate the spatial and temporal terms in the governing partial differential equations. After the spatial terms are discretized by techniques such as finite differences, finite volumes ,and finite elements, the resulting system of ordinary differential equations (ODEs) is integrated in time. Stiffness may result from different time scales involved (e.g., convective versus acoustic waves), from local processes such as chemical reactions, and from grids with complex geometry [22] .
Explicit numerical integration schemes have maximum allowable time steps bounded by the fastest time scales in the system; for example, the time steps are restricted by the CFL stability condition. Implicit integration schemes can avoid the step size restrictions but require the solution of large nonlinear systems at each step, and are therefore computationally expensive. It is therefore of considerable interest to construct numerical integration schemes that avoid the time step restrictions while maintaining a high computational efficiency. In the implicit-explicit (IMEX) framework computational efficiency is achieved by performing an implicit integration only for the stiff components of the system. IMEX methods treat the nonstiff term explicitly and the stiff term implicitly, therefore attempting to combine the low cost of explicit methods with the favorable stability properties of implicit methods. The development of IMEX linear multistep methods and IMEX Runge-Kutta methods has been reported in [2, 15, 20, 1, 7, 27, 31] .
High order methods usually yield more accuracy and better efficiency than low order methods. Many modern PDE solvers are able to employ high order spatial discretizations, e.g., by using high degree polynomials in a discontinuous Galerkin (DG) approach. There is a need to develop high order time stepping formulas to be used in conjunction with high order spatial discretizations. This need motivates the current work.
Existing high order IMEX methods face challenges when applied to practical problems. High order IMEX linear multistep methods suffer from a marked reduction of the stability region with increasing order. IMEX Runge-Kutta methods are known to suffer from possible order reduction for stiff problems, which reduces the efficiency of high order methods to that of low order methods. The order reduction of the former could be avoided by incorporating additional order conditions [6] . Some possible remedies for the latter for Runge-Kutta methods have also been proposed in the literature [12] . However, these strategies require special treatment of boundaries which may bring in extra computational cost and complexity; in addition, some of them only work for special cases such as linear boundary conditions. To the best of our knowledge, there is no effective way for IMEX Runge-Kutta methods to handle the order reduction in a general way. Furthermore, the considerable increase in the number of coupling conditions makes the construction of high order methods difficult.
This work develops and tests new high order time stepping schemes in the framework of implicit-explicit general linear methods (IMEX-GLMs) that we have recently developed [34, 33] . The GLM family proposed by Butcher [8] generalizes both RungeKutta and linear multistep methods. The added complexity gives the flexibility to develop methods with better stability and accuracy properties. While Runge-Kutta and linear multistep methods are special cases of GLMs, the framework allows for the construction of many other methods as well. In [34, 33] we have developed second and third-order IMEX-GLM schemes that showed considerable promise.
This study develops fourth and fifth order IMEX-GLMs with optimized stability properties. Numerical experiments confirm that these methods do not suffer from order reduction, and are considerably more efficient than IMEX-RK methods on a suite of problems ranging from two-dimensional Allen-Cahn and Burgers' equations to three-dimensional compressible Euler equations.
The paper is organized as follows. Section 2 reviews the class of general linear methods. The construction of high order IMEX-GLMs with desired stability properties is discussed in Section 3. This section first introduces desirable stability properties building upon existing stability theory for Runge-Kutta methods. Numerical results are reported in Section 4. Conclusions are drawn in Section 5.
2. IMEX general linear methods. IMEX time stepping methods are used to solve systems of ordinary differential equations (ODEs) of the form
where f is a nonstiff term, and g is a stiff term. Many systems of partial differential equations (PDEs) solved in the methods of lines framework lead to partitioned ODE systems (2.1) after semi-discretization in space. The nonstiff and stiff driving physical processes are captured by f and g, respectively.
Partitioned and IMEX general linear methods were developed in [34, 33] . An implicit-explicit general linear method applied to (2.1) advances the solution for one step using:
Such a method is denoted IMEX-GLM(p, q, s, r) (p,q,s and r stand for order, stage order, number of internal stages, and number of external stages, respectively). The implicit and the explicit components share the same abscissa vector c and the same coefficients U and V. The IMEX-GLM (2.2) is represented compactly by the Butcher tableau
To study the method (2.2) in [34, 33] the additively partitioned original system (2.1) is written in an equivalent component partitioned form:
The external vector y
is defined as a pth-order approximation of linear combinations of derivatives
i and z
[n]
i need not to be known individually once they are initialized in the first step. Only the combined external vector y
is advanced at each step, similar to how regular GLMs proceed.
To initialize y
[0] i the starting procedure developed in [34] advances the ODE solution by taking r − 1 steps with a small step size τ to obtain the solutions y 0 , y start 1 , . . . , y start r−1 . The derivative terms are approximated using only the function evaluations at these r points. The starting value for the external vector y [0] i is calculated via the formula
In vector form it can be written as
where F start and G start consist of function values evaluated at the r starting points, e.g.
T . The r × r coefficient matrices Q, D, and R are computed as follows.
1. Q, Q are determined by the method coefficients A, A and the abscissa vector c. These matrices can be computed column-wise via the order conditions [8] 
2. Starting with the following approximation  8) expanding the right hand side in Taylor series, and comparing the coefficients of each term, allows to identify each entry of D. 3. R is a diagonal rescaling matrix which has the form
Note that this starting procedure enables to compute the initial approximations with a smaller step size τ ≤ h. The initial approximations can be computed with a regular method of choice; the very small time steps ensure accurate initial solutions, and also circumvent possible numerical stability issues with the auxiliary scheme. The starting procedure used for the experiments in this paper employs the IMEX-RK scheme. Considering the possible low accuracy caused by order reduction, in the starting procedure we use a step size half as large as the step size for the following integration. We point out that using the same step size typically works well based on our experience.
3. Construction of high order IMEX-GLMs. We now consider the construction oh high order IMEX-GLMs. The partitioned GLM theory developed in [34] ensures that, if the stage order is high, the IMEX-GLM method has the desired order without the need for coupling conditions. One imposes the order and stage order conditions independently on the implicit and on the explicit component GLMs.
The order conditions for constructing arbitrary GLMs are complicated. In this paper we choose the explicit and implicit components from a subclass of GLMs, named diagonally implicit multistage integration methods (DIMSIMs), for which the order conditions are more manageable. DIMSIMs are a subclass of GLMs characterized by the following properties [8] :
1. A is lower triangular with the same element a i,i = λ on the diagonal; 2. V is a rank-1 matrix with the nonzero eigenvalue equal to one to guarantee preconsistency; 3. The order p, stage order q, number of external stages r, and number of internal stages s are related by q ∈ {p − 1, p} and r ∈ {s, s + 1}. DIMSIMs can be categorized into four types according to [8] . Type 1 or type 2 methods have a i,j = 0 for j ≥ i and are suitable for a sequential computing environment, while type 2 and type 3 methods have a i,j = 0 for j = i and are suitable for parallel computation. Methods of type 1 and 3 are explicit (a i,i = 0), while methods of type 2 and 4 are implicit (a i,i = λ = 0) and potentially useful for stiff systems.
Following [34] we are particularly interested in DIMSIMs with p = q = r = s, U = I s×s , and V = 1 s v T , where v T 1 s = 1 [21] . The order conditions are satisfied if the coefficient matrix B is computed from the relation
where the matrices B 0 , B 1 ,B 2 ∈ R s×s have entries
,
. Therefore to obtain high order DIMSIMs there is no need to solve complex nonlinear systems as one usually does in the construction of Runge-Kutta methods.
The important challenge that remains in the construction of IMEX-GLM methods is to achieve the desirable stability properties. This section first introduces desirable stability properties building upon existing stability theory for Runge-Kutta methods. A numerical optimization process used to maximize the IMEX stability regions is then discussed. Two new IMEX-DIMSIM methods of orders four and five are presented at the end.
Stability considerations.
A-stability, L-stability, and inherited Runge-Kutta stability. The classical linear stability theory [19] considers the scalar test problem whose solution decays to zero
A numerical method is stable if, when applied to solve the test problem (3.2) for one step of length h it generates a solution of non-increasing size. A GLM (A, B, U, V) (2.3) applied to the test problem gives a solution
Here M(z) is the stability matrix and has a corresponding stability function
where w, z ∈ C and z = λh. A-stability requires that the method is unconditionally stable independent of the size of the time step h, i.e., the spectral radius of the stability matrix ρ(M(z)) ≤ 1 for any z. L-stability further requires that ρ(M(z)) → 0 when z → ∞ [19] . Lstable methods damp components of high frequencies and are particularly useful for stiff problems. Since IMEX-GLM schemes are designed to treat stiff parts of a given problem implicitly, we want the implicit component to be L-stable, or at least A-stable. Imposing L-stability directly on the GLM coefficients leads to a difficult analysis, with complexity increasing dramatically as the order increases.
The inherited Runge-Kutta stability property [32, 11] provides a practical way to achieve L-stability. This property requires that the stability function (3.4) has the form
where R(z) is the stability function of a Runge Kutta method of order p = s. When (3.5) holds the existing L-stability theory for Runge Kutta methods can be applied to GLMs. Note that conditions (3.5) lead to additional nonlinear constraints on method coefficients; these constraints need to be solved accurately in practice. Stability analysis for IMEX-GLMs. To study the linear stability of IMEX-GLM schemes we consider the following generalized linear test equation [34] 
This test problem mimics the structure of (2.1). We consider ξy to be the nonstiff term and ξy the stiff term, and denote w = hξ and w = h ξ. Applying (2.2) to the test equation (3.6) and assuming I s×s − wA − w A is nonsingular lead to
where the stability matrix is defined by [34] M(w, w)
Let S ⊂ C and S ⊂ C be the stability regions of the explicit GLM component and of the implicit GLM component, respectively. The combined stability region is defined by [34] 
For a practical analysis of stability we define a desired stiff stability region, e.g.,
and compute numerically the corresponding constrained non-stiff stability region:
The IMEX-GLM method is stable if the constrained non-stiff stability region S α is non-trivial (has a non-empty interior) and is sufficiently large for a prescribed (problem-dependent) value of α, e.g., α = π/2.
3.2.
Finding high order IMEX-DIMSIMs with large stability regions. The implicit component of the IMEX-GLM is constructed first, and the desired Lstability property is imposed L-stable GLMs existing in the literature can also be used as implicit components in the combined IMEX scheme.
L-stability indicates that w in the non-stiff stability definition (3.9) can be any value on the negative half-plane. So the constrained region with α = π/2 is
The corresponding explicit component is constructed next based on the following criteria: it shares the coefficients c, U, V with the implicit component; it satisfies the desired order conditions; and results in a large constrained stability region (3.9).
According to the order conditions in [34] , B depends on A and c. Thus the only free parameters in determining the explicit part are the s(s − 1)/2 elements of matrix A. The problem of finding IMEX-DIMSIMs can be regarded as a numerical optimization problem to find the entries of A such as to maximize the area of the constrained stability region S π/2 .
We discretize the region S π/2 using finite sets of points in polar coordinates
For example, R f = [0, −10 −3 , −10 −2 , . . . , −10 3 ] and Θ f are a set of equally spaced points between −π/2 and π/2.
We next determine the boundary ∂S π/2 of the constrained stability region. For this we consider the points of intersection of the boundary with vertical lines on the negative half-plane with abscissae
Note that since the stability region is symmetric, we only need to consider the part above the real axis.
Starting with an initial point on the vertical line, e.g. x k + i y * where y * is large enough to make the point outside the stability region, we apply the bisection Algorithm 1 to find the first point w = x k + i y along the vertical line such that
Algorithm 1 Bisection algorithm for finding the points of intersection Initialize y top ← y 0 y bot ← 0 while y top − y bot > tol do y mid = (y top + y bot )/2 if w ← c + i y mid satisfies the condition (3.11) then y bot = y mid else y top = y mid end if end while return y bot A similar idea can be used to find the intersection of the stability region and the real axis, which is assumed to be the leftmost point of the stability region. Then we can determine the boundary with the above-mentioned algorithm. Algorithm 2 summarizes the procedure to approximate the area of the stability region.
As we can see, the objective function that approximates the area of the stability region is highly nonlinear and computationally expensive, especially for the construction of high order methods. The optimization problem is in general difficult to solve numerically. First we transform the maximization problem to a minimization problem by minimizing the negative of the objective function. Then we use the combination of MATLAB genetic algorithm function, ga and MATLAB local minimizer fminsearch.
Algorithm 2 Algorithm for computing the area of constrained stability regions 1: Find the point x b of intersection of the stability region and the x axis using a bisection strategy similar to Algorithm 1 2: Generate m vertical lines with abscissae x k linearly spaced between x b and 0 3: Find the points of intersection of these lines and the stability region 4: Approximate the area of the stability region using the trapezoidal method
We repeatedly apply the two optimization routines one after another using one's result as the starting point of the other. Each optimizer is run multiple times until the results converge; each run is initialized with the previous result. We terminate the procedure when the result does not change across multiple runs for both optimizers. There is no evidence so far that other choices would lead to better schemes.
A fourth-order IMEX-DIMSIM pair.
We start with the construction of the implicit part of the IMEX pair. Butcher [9] reports a failed attempt to construct DIMSIMs with inherited Runge-Kutta stability, p = q = r = s = 4, and c = [0, 1/3, 2/3, 1]. Surprisingly we succeeded in solving the nonlinear system comes from the stability constraints by using the Mathematica software. For the detailed information on the nonlinear system, we refer to [9] . The coefficients of the type 2 (implicit) DIMSIM we found are given in Table 5 .1. The choice of the diagonal element of A equal to 0.572816062482135 ensures that the implicit method L−stable, following the classic theory of Runge-Kutta methods [19] . We remark that this new implicit DIMSIM method can be used by itself due to its favorable stability properties.
The optimization problem formulated in Section 3.2 for maximizing the constrained stability regions has six free variables, the lower triangular entries the coefficient matrix A. The maximal area of the constrained stability region of the explicit method on the negative plane is approximately 1.34. Figure 3 .1 shows the stability regions of the implicit component S, of the explicit component S, as well as the constrained stability regions S α for α = π/2, π/3, π/4.
We will refer to the resulting method as IMEX-DIMSIM4. The coefficients of the explicit method to 15 accurate digits are given in Table 5 .1.
3.3.2.
A fifth-order IMEX-DIMSIM pair. An L-stable fifth-order type 2 (implicit) DIMSIM with p = q = r = s = 5 and c = [0, 1/4, 1/2, 3/4, 1] was constructed by Butcher [10] . We have obtained its coefficients with improved accuracy from 6 to 15 decimal digits by solving the nonlinear conditions using the LevenbergMarquardt algorithm implemented by MATLAB's routine fsolve.
The corresponding explicit component is obtained by the numerical optimization procedure described in the Section 3.2. The maximal area of the constrained stability region of the explicit method on the negative plane is approximately 0.83, and is smaller than the area of the fourth order pair. . From left to right are stability region S of the implicit method, stability region S of the explicit method, and constrained stability regions Sα (with α = π/2, π/3, π/4 from interior toward exterior, respectively)
We will refer to the resulting method as IMEX-DIMSIM5. The coefficients of the method to 15 accurate digits are given in Table 5 .2 (compare the implicit coefficients to [10] ).
Numerical tests.
We consider several test problems that are motivated by different application areas such as material science, fluid mechanics, and atmospheric modeling. All problems are governed by partial differential equations and contain both stiff components and nonstiff components. The first two test cases are implemented in MATLAB using finite difference schemes for space discretization. The time integration is performed with the two high order IMEX general linear methods IMEX-DIMSIM4 and IMEX-DIMSIM5. The performance of these methods is compared against two classic IMEX Runge-Kutta methods, ARK4(3)6L [2] SA and ARK5(4)8L [2] SA, from Kennedy and Carpenter [25] . We will refer to these methods as IMEX-RK4 and IMEX-RK5, respectively. Both IMEX Runge-Kutta methods have a stiffly-accurate implicit component and share the same abscissa c = c as our IMEX-DIMSIMs do.
We have also implement the IMEX-DIMSIM schemes in the discontinuous Galerkin solver GMSH-DG [4] and applied them to the three-dimensional compressible Euler equations coming from multiscale nonhydrostatic atmospheric simulations. All the experiments have been performed on a workstation with four Intel Xeon E5-2630 Processors. The goal is to assess the performance of the high order IMEX-DIMSIM and IMEX-RK methods on both two-dimensional and three-dimensional simulations.
Allen-Cahn equation.
We consider the two-dimensional reaction-diffusion Allen-Cahn problem [13] which describes the process of phase transition in materials science.
where the parameters are α = 0.01, β = 3., and f (t, x, y) is a source term that is consistent with the exact solution u(t, x, y) = 2 + sin(2π(x − t)) cos(3π(y − t)). Time varying Dirichlet boundary conditions (that represent the exact solution evaluated at the boundaries) are imposed. The spatial discretization is performed using a secondorder central finite difference scheme on a uniform grid with ∆x = ∆y = 1/40. Explicit time stepping methods have a maximal allowable time step h ∝ ∆x 2 due to the CFL condition related to diffusion. To overcome this limitation we treat the stiff diffusion term implicitly and the remaining terms explicitly. Since the discrete diffusion term is linear we perform a single LU factorization of the matrix I − hγJ and reuse it throughout the simulation; here γ is a method coefficient and J is the Jacobian of the stiff diffusion.
The reference solution u ref is obtained using MATLAB's routine ode15s with very tight tolerances AbsT ol = RelT ol = 3×10 −14 . The absolute solution error magnitude is measured in the L 2 norm:
(4.2) Figure 4 .1(a) shows the errors at the final time for solutions computed using different numbers of steps. The two IMEX-RK methods show a marked order reduction -to order two. There is no order reduction for the IMEX-DIMSIM schemes; IMEX-DIMSIM4 displays the theoretical order while IMEX-DIMSIM5 shows a higher convergence than the theoretical order. The IMEX-DIMSIMs give considerably more accurate results than the IMEX-RK methods for all step sizes tested. This is noteworthy since IMEX-DIMSIMs have fewer stages than the IMEX-RK methods of the same order and therefore require fewer function evaluations and linear solves per step. The corresponding work-precision diagrams of errors versus CPU time are shown in Figure  4 .1(b) and reveal a sizable gap in efficiency between the two families of IMEX schemes. Figure 4 .2 shows the spatial distribution of the absolute errors |u numerical − u reference | at final time; this is only the temporal discretization error as we compare against a reference solution that uses the same spatial discretization. IMEX-RK methods give large errors near boundaries and relatively smaller errors in the interior of the domain are evenly distributed. The order reduction phenomenon of IMEX-RK methods originates with errors at the boundaries, but plague the whole domain as the time evolves. In contrast, IMEX-DIMSIMs handle the boundaries well and preserve the theoretical orders of convergence. The application of the IMEX integration treats the diffusion term implicitly and the convective term explicitly. We compare the numerical solutions against a reference solution computed with MATLAB routine ode15s with tolerances AbsT ol = RelT ol = 3×10 −14 that uses the same spatial discretization. Therefore the errors (4.2) reported here are only due to the temporal discretization. The boundary conditions for this PDE may be more challenging than the previous one since they affects both spatial derivative terms in (4.3). Nevertheless, the error magnitude is much smaller for the IMEX-DIMSIM solutions.
Burgers' equation. The two-dimensional viscous Burgers equation [3]
∂u ∂t + 1 2 ∇(u · u) = ν∇ 2 u, ν = 0.1, 0 ≤ x, y ≤ 1, 0 ≤ t ≤ 1,(4.
Application to atmospheric simulations.

Compressible Euler equations.
The dynamics of non-hydrostatic atmospheric processes can be described by the compressible Euler equations [18] :
where ρ is the density, u = (u, v, w) T is the velocity vector, w being used in threedimensional case, θ is the potential temperature, and I is the identity matrix. The gravitational acceleration is denoted by g while e z is a unit vector pointing upwards. The prognostic variables are ρ, ρu, and ρθ. The pressure p in the momentum equation is computed by the equation of state
where p 0 = 10 5 Pa is the surface pressure, R d is the ideal gas constant, and c p and c v are the specific heat of the air for constant pressure and volume. To better maintain the hydrostatic state we follow the splitting introduced by Giraldo and Restelli [18] 
where the overlined values are in hydrostatic balance. The governing equation (4.4) can then be rewritten as
and closed with
The equations are discretized in space using the discontinuous Galerkin method, whose usage for geophysical simulations is gaining popularity, e.g. [14, 5, 26, 30, 18] . The model, based upon the mesh database of the GMSH mesh generator code [16] , has been used to solve several PDEs, either in the domain of geophysics [28, 24] and engineering [29, 23] . For more information about the space discretization, refer to [4] . The set of equations (4.5) applied to atmospheric flows is a good candidate for an IMEX time discretization, because of the different temporal scales involved. In usual atmospheric configurations, the acoustic waves are the fastest phenomena, with a propagation speed of about 340 ms −1 . This high celerity restricts the explicit time step to a small value due to the CFL stability condition. However, acoustic waves are generally not important for the modeler who is more interested by advective timescales. The IMEX method allows to circumvent the CFL condition by treating the linear acoustic waves implicitly, while the remaining terms are explicit. According to Giraldo et al. [17] , the right-hand side of (4.5a) is additively split into a linear part responsible for the acoustic waves and a nonlinear part. The linear term
with the pressure linearized as
is treated implicitly, while the remaining (nonlinear) terms are treated explicitly.
Test cases.
In this paper we consider two-dimensional and three-dimensional rising thermal bubble test cases slightly modified from the ones introduced in [18] .
Two-dimensional case. The motion of the air is driven by a time varying potential temperature perturbation from the bottom boundary 
with µ = 6 m 2 s −1 are added to the right-hand side of (4.5a) to limit the oscillations resulting from a high order spatial discretization of a complex flow on a coarse grid.
The bottom boundary is also imposed as (4.7) with r = (x − x c ) 2 + (y − y c ) 2 , r c = 250m, (x, y, z) ∈ [200, 800] 2 × [0, 600] and (x c , y c ) = (500, 500). No-flux boundaries are used for all the other boundaries. Considering the more expensive computational cost of the 3D test, we use a polynomial order of 3 for the DG scheme. A 3D uniform mesh grid with actual resolution of 100 × 100 × 100 m is used. The resulting ODE system has ∼ 7 × 10 4 degrees of freedom. 9) are measured against a reference solution obtained by applying the classic fourth-order explicit RK method to solve the original (non-split) model with a very small time step h = 0.005s. Since the time varying boundary conditions are imposed directly on the temperature term p ′ in the momentum equations of (4.5), we discuss the results for the variables ρu. Figure 4 .6 compares the convergence results and efficiency for the fourth-order IMEX-DIMSIM and IMEX-RK methods for the 2D simulations. As expected, the IMEX-DIMSIM reproduces the theoretical order of accuracy. But the IMEX-RK scheme shows an obvious order reduction, which translates into a loss of computational efficiency. The 3D results are given in Figure 4 .7. The IMEX-RK method stills yields order reduction, less severely though. The error behavior of the IMEX-DIMSIM is somewhat irregular. It shows high order in the beginning, and then plateaus at the accuracy level 10 −7 for a wide range of decreasing step sizes. The error plateau is likely due to the level of accuracy of the reference solution. However, even with this irregular behavior, the IMEX-DIMSIM is considerably more efficient than the IMEX-RK method. We have also tested large step sizes and found that the maximal allowable step size for IMEX-RK4 and IMEX-DIMSIM4 are both approximately equal to 1.0 sec. This agrees with the prediction of the stability analysis in section 3.1 which shows that the IMEX-DIMSIM has a good stability property. Furthermore, we notice that neither IMEX-RK5 nor IMEX-DIMSIM5 is suitable for this test problem because the maximal step sizes for them are restricted to values that are too small to make them competitive. Figure 4 .8 shows that there are many eigenvalues of the Jacobian close to the imaginary axis, therefore a stability region covering a large part of imaginary axis is highly desirable.
5. Conclusions and future work. Multiscale problems in science and engineering are modeled by time-dependent systems of equations involving both stiff and nonstiff terms. Implicit-explicit time stepping schemes perform an implicit integration only for the stiff components of the system, and thus combine the low cost of explicit methods with the favorable stability properties of implicit methods.
Many modern PDE solvers use high order spatial discretization schemes, e.g., the discontinuous Galerkin approach with high degree polynomials. Often the high order of spatial discretization is paired with a low order traditional time stepping scheme. It is therefore of considerable importance to develop high order time stepping algorithms that match the accuracy of the spatial discretization. This paper addresses the need for high order implicit-explicit temporal discretizations in large scale applications. We construct new fourth and fifth order IMEX DIM-SIM schemes based on L-stable implicit components, and with the explicit components optimized such as to maximize the constrained stability regions. The new methods have good stability properties and can take large step sizes for stiff problems. Several test problems from different application areas that can benefit from implicitexplicit integration are considered. These problems are the two-dimensional AllenCahn and Burgers' equations with finite difference spatial discretizations, and twoand three-dimensional compressible Euler equations with discontinuous Galerkin space discretizations. The performance of the new fourth and fifth order IMEX-DIMSIMs is compared against existing fourth and fifth order IMEX-RK methods. In all cases the IMEX-DIMSIMs can use large step sizes -similar to those taken by traditional implicit-explicit Runge-Kutta methods. However, the high stage order enables our methods to avoid the order reduction that plagues classic IMEX-RK methods when applied to stiff systems or to problems with complex boundary conditions. In all cases IMEX-DIMSIMs are considerably more efficient than traditional IMEX-RK methods of the same order.
Typically multiscale flow simulations are carried out using fixed, predefined time steps. This is the approach taken in this paper as well. On-going work by the first two authors focuses on the development of adaptive stepsize IMEX-GLM schemes.
The high order IMEX-GLM schemes proposed herein are not only of interest to multiscale nonhydrostatic atmospheric simulations, but also to many other fields where large-scale multiscale simulations are carried out with high order spatial discretizations. IMEX-GLMs can prove especially useful in situations where IMEX-RK methods suffer from order reduction; specific examples include stiff systems of singular perturbation type or problems with challenging time-dependent boundary conditions. 
